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ABSTRACT 

First we show that the Carl-Maurey inequality for entropy numbers 

e.(S) ~_ c. ( l + ln.h_(n/h) ) l-1/" ,[S[ ' 

just characterizes weak type p spaces (S: i~ ---* X,  1 < k < n, 1 _~ p < 2). 

Second we generalize a result of Gordon, K6nig and Sch/itt for operators 

T acting between weak type 2 spaces X and weak cotype 2 spaces Y 

(1/c(&))e[(l+6)nl(T) ~_ sup 2-~/k(II~=lci(T)) 1/k ~_ c(X,Y)en(T) 
k=l , , . , ,n  

(0 < • _< 1). This estimate does not hold for & = 0. 

I n t r o d u c t i o n  

Using an idea of Maurey and Carl [CAR] proved the following entropy estimates 

for operators S acting on l~ into a type p space X (1 _< p _< 2) 

(l+ln_}(n/k))  1-1/" 
ek(S) _< IlSll 

for all k = 1 , . . .  ,n.  On the other hand, in the proportional case Pajor [PAJ] 

showed that X is of weak type 2 if and only if for all S: l~ ~ X 

e,(S) <_ cn-'/2$1Sli. 

A similar result was derived by Mascioni [Ma2] for the entropy moduli and weak 

type p, 1 _< p _< 2. Surprisingly, we are able to show that for 1 _< p < 2 the 

proportional estimate implies the general Carl-Maurey inequality: 

* Supported by grant 1-117-301.6/88 from the GIF-the German-Israeli Foundation 
for Scientific Research and Development. 
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THEOREM 1: Let 1 <_ p < 2,Y a K-convex Banach space and T E s  

Then the following are equivalent: 

(1) T is of weak type p. 

(2) There is a constant cl(T) >_ 0 such that for all k ,n E 5I, 1 < k < n and 

s E c(t~, x )  

e,(TS) < c,(T) ( I + I~-(n/k) ) '-'/P IISII. 

(3) Thereis a constant c2(T) > 0 such that/'or ail n E N and S E s  

e.(TS)  < c2(T)n 1/p-xlIslI. 

For the best constants we obtain 

1 
c2(t) <_ cl(T) <_ co l / p -  1/2 wrp(T) and wrp(T) < coK(Y)c2(T). 

For the Proof we use the same probabilistic techniques as Carl and Maurey, 

but observing that they are of local nature. 

The second result is motivated by the result due to Gordon, KSnig and Schlitt 

[GKS] (Proposition 1.7) which provides an asymptotic formula for entropy num- 

bers of a diagonal operator acting in a Banach space with an unconditional basis. 

In particular, for an arbitary compact operator T acting between Hilbert spaces 

one has 

1 e . ( r )  _< sup 2 -~/"k ci(T) <_ e . (r ) .  
12 ~=I ..... , 

It is natural to ask for the corresponding relations in arbitrary Banach spaces. 

In particular, Kgnig and Milman conjectured that the above inequality holds for 

operators T acting between a type 2 space and a cotype 2 space. The following 

Theorem gives a complete answer to this problem. 

TIt~.OREM 2: Let 0 < 6 _< 1. Then there is a constant b(6) > 0 such that for edl 

Banach spaces X of weak type 2, Y of weak cotype 2, operators T E /;(X; Y), 

s E {t, c, d} and n e N 

1 
b( ~) 
- -  max{e[(l+8)n](T),e[(l+~)n](T*)} -< k=,,...,,sup 2 -'*/~'k ~/--~1 si(T)) 

< cowr2(id)wc2(id)(1 + In wc2(ivd)) min{en(T), e,(T*)}. 
- -  X Y 
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For the best constant we obtain 

419 

1 1 

co 
< b(6) < co 1-4- 63 ] .  

In particular, Theorem 2 implies the duality of entropy numbers of an operator 

from X to Y, if X* and Y are of weak cotype 2 and one of them K-convex, im- 

proving the results by Gordon, KSnig and Schiitt [GKS] and by Pajor, Tomczak- 

Jaegermann [PAT]. We want to point out that the lower estimate of b(6) means 

that e[(I+6),,](T) cannot be replaced by en(T). 

In section 2 we show that the first inequality of Theorem 2 holds in arbitrary 

Banach spaces. We learnt the ideas of the presented Proof from Carl and we are 

grateful to him for telling us about a rough version which he proved with Hess 

[CAH]. We also thank H. KSnig for the support during the preparation of this 

paper. 

Preliminaries 

In what follows e0 denotes always a universal constant. The parameter # is 

defined to be 1 in the real case and 2 in the complex case. We use standard 

Banach space notations. For all Banach spaces X and subspaces E C X we 

set QE: X ~ X / E , x  H x + E,  iE: E ~ X , z  ~ z. The classical spaces 1~, 

Ip, 0 < p _< ~ ,  n E Y are defined in the usual way. Denote by Zp,q.'" �9 lp " ---, lq," 

ip,q: Ip .--* lq (p < q) the formal identity map and by B~' the unit ball in l~'. 

Standard references on s-numbers and operator ideals are the monographs of 

Pietsch [PI1] and [PI2]. The ideals of all linear bounded, finite rank operators 

are denoted by s ~ ,  respectively. 

For a Banach ideal (A, a) the component A*(X ,  Y )  of the conjugate ideal 

(A*, a*) is the class of all operators T E Z(X, Y) such that 

a*(T) := sup{[trTS][ S E .~ (Y ,X) , v~(S )  < 1} < ~ .  
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Next we recall the usual notion of some s-numbers of an operator T E s Y) 

a.(T) :=inf{l[T - S]I [ S E s  rank(S) < n} 

the n-th approximation number, 

cn(T) :=inf(HTiE]l ] E C X, codim E < n} 

the n-th Gelfalnd number, 

d.(T) :=inf{UQfT[[ ] f C Y, dim f < n} 

the n-th Kolmogoroph number, 

t . (T) :=a.(iTQ) 

the n-th Tichomirov number, where 

Q: II(Bx) ~ X,  i: Y ~ loo(Bv*) denotes the canonical metric surjeetion, 

injection, respectively. If X or Y are Hilbert spaces then a.(T) = a.(T*). 
Note if X and V are Hilbert spaces then a.(T) = c.(T) = d.(T) = t . (T)  
(see [PI1], [CAS]). For the Tichmirov numbers we have tn+ra+k-2(RST) <_ 
c.(R) tin(S) d~(t) and t .(T) = t.(T*) (complete symmetry, see [CAS]). 

The n-th entropy number is defined by 

n 

e.(T) := inf{e > 01 3(yk)~=, C Y: T(Bx) C U (yk + eBv)} 
k = l  

and the n-th dyadic entropy number by 

e.(T) := e2--, (T). 

The s-numbers s E {a, c, d, e} are multiplieative, i.e. 

s.+,.,_,(ST) < s.(S) sin(T). 

Let det: K "2 ---* K be the unique determinant, then the n-th Grothendieck 

number is defined by 

r . ( T )  := sup{I det((Txi, y;))[1/.[ (xk)~=l C Sx ,  (Y~)~=I C By. }. 

The Grothendieck numbers were mainly treated by [PS1], [PS2], [GEI] and 

[PAT]. We mention that 

r . ( T )  = r . (T*)  and r . ( T )  = sup{r.(TiE)l E C X, d i m E =  n}. 
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The volume ratio numbers were introduced to the Banach space theory by Milman 

and Pisier [MP2] and mascioni [MA2]; they were also studied in [PAT]. 

{ (voI(QFT(Bx)).~ 1D, n } 
v r n ( T ) : = s u p  ~, vol(By/F ) ] I r C Y a n d  codimf =n , 

where vol denotes the usual Lebesgue measure on K". Recall that  yr,(T) < 
co2k/~'nmin{ek(T),ek(T*)} for all k �9 N. For H,K Hilbert spaces and T �9 

Z:(H, K) we have r~(T) = y r . ( T )  = (l-1~=1 ak(T)) 1/n. The multiplicativity of 

s �9 (r, vr} is given by s,(ST) <_ sn(S) sn(T). For operators T �9 s  
between arbitrary Banach spaces, n �9 N and s �9 {t, c, d} it is known by Carl 

[CAR] that 

(1) (k=rI1 sk(T))1/" <_Fn(T). 

Recall that s E {c, t} is injective, i.e. for each metric injection I �9 s Z) we 

have sn(IT) = s,,(T), whereas e is injective up to a factor �89 i.e. ]en(T)  < 

e,(IT) < e,(T), on the other hand s �9 {d, t, e, vr} is surjective, i.e. for each 

metric surjection Q �9 s  X)  we have s,,(TQ) = s,,(T). 

An operator T �9 s  Y) is absolutely 2-summing (T �9 II2(X, Y)) if there is 

a constant c > 0 such that for all n �9 N, (xk)k=l C X ( ),/2 ( .,,:>.2)'J2 
We denote ~r2(T) := infc, where the infimum is taken over all c satisfying the 

above inequality. 

Let (gk)~eN be a sequence of independent, standard gaussian random variables. 

With this notion we define for any n E 1~I and operator u E s 

l(~) := II ~-~gku(ek)llL~(X). k=l 
An operator T e Z:(X, Y) is 7-summing (T E l(X, Y)) if there is a constant c > 0 

such that l(Tu) <_ cl[ul[ for all n E l~I and u E s We denote l(T) := infc, 

where the infimum is taken over all c > 0 satisfying the above inequality. 
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As is well-known (see e.g. [PS1], [TOJ]), l*(v) < l(v*) for all v E s  12). 

But in general the conserve inequality does not hold. Hence a Banach space 

X is K-convex if there is a constant c > 0 such that l(v*) < c l*(v) for all 

v E l*(X, 12). In this case we denote K ( X )  := infc, where the infimum is taken 

over all c satisfying the above inequality. 

At the end of the preliminaries we mention an inequality for products of a 

non-increasing, positive sequence (s~)keN. For this we define Ix] as the integer 

part o f z f o r l < z < v o a n d i f 0 < z < l w e s e t [ z ] : = l .  Then f o r 0 < ~ < l  

a n d n E N  

< s[6kl+t-x 

1. The Carl-Maurey inequality 

We start with the notion of weak type operators due to Pisier [PS1] (see also 

[MA1 D. An operator T E s  Y) is of weak type p, 1 < p < 2 (T E wTp(X, Y)) 

if there is a constant c > 0 such that for all v G l*(Y, 12) 

sup kl-1/pak(vT) < c l*(v). 
kEN 

We denote wrp(T) = inf c, where the infimum is taken over all c satisfying the 

above inequality. 

We also need the gaussian-type 2 norm for n vectors. For this let n E N and 

T E s  Then r~(T) := infc, where the infimum is taken over all c ~_ 0 

satisfying for all (xk)~=l C X 

1/2 

~g~rzk <c ~ Ilzkll 2 
1=1 L2(Y) k=l 

An operator T q s  is of gaussian-type 2 (T E T2(X,Y))  if 

:= sup  '(T) < 
hEN 

The following first Lemma is classical (see [MAP], [HOJ]). However, since it is 

the key of Theorem 1 we emphasize the local nature of this argument (r~'(T)). 

S denotes the usual expectation. Consequently the second Lemma is a slight 

improvement of a result of Carl [CAR], which goes back to Maurey (see [PS41). 
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LEMMA 1.1: Let T E s  and n E N. Then we have for all independent 

random ~iables (Xk)~=l c L2(X) 

LEMMA 1.2: Let T E s  and k,n E N, 1 < k < n. Then we have for all 

S �9 s X)  

e( , , ,+,- , ) (TS)  <_ 8v/~-~#(T)k-lnllSll. 
Since Lemma 1.1 holds the Proof of Lemma 1.2 can be directly taken from 

[CAR]. Let us point out that Lemma 1.2 is a local version of the original Lemma 

of Carl-Maurey. Now we are in a position to prove Theorem 1. 

Proof of Theorem 1: (1) ::r (2) Let us first assume that rank(T) < k. Then we 

obtain for v e l*(Y, 12) (for the first inequality see [PIll) 

k ai(vT) 
7r2((vT)*) <_ 2 E il/2 

i=1 
k 

<_ 2 E il/P--3/2 sup  i 1 - 1 / p a i ( v T )  
i= 1 iEN 

2 
< 1 / p -  1/2 kl/p-1/2wrp(T)l'(v)" 

Hence the Tomczak-Jaegermann characterization of type operators ([TOJ]) yields 

2 
7"2(T) 1/p-  1/2 kvp-1/2~rp(T)" 

< 

Therefore for arbitrary T �9 wTp(X, Y)  we get 

2 
r~(T) < 1/p-  1/~. k ' /~-I/2~(T)" 

Applying Lemma 1.2 in the real case yields 

e( ,.+~-, )(TS) <_ l~p--~_8~/2 wrp(T)k ~/'-' IlSll. 

Now passing from k to 200+lkn ,/~), as in the Proof of [CAR], we obtain assertion 

(2) for the dyadic entropy numbers. Similarly we prove the complex case. 

The implications (2) ~ (3) is obvious. 
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(3) =~ (1): Let v e l*(Y, 12). Then the definition of the Grothendieck numbers 

yields that there is an operator S E s with IlSll < 1 such that with (1) 

a.(vT) < r . (vT) < 2r.(vTS) < 2r.(vTSi~,l). 

By Sudakov's inequality (see [PSI]) we have e.(v) < con-1/2l(v*). Hence 

a.(vT) <_ 25/2 e2._,(vTSi'~,,) < 2S/2 e.(v)e.(TS)lli~,~ll 
< 25/2cocs(T)l(v*)nl/"-1 

< 2S/~cocs(T)K(Y)nl/,-'l*(v). | 

Remark: (1) In Theorem 1 the implications (1) =~ (2) =~ (3) hold without the 

assumption of K-convexity. If X = Y and T = idx condition (3) implies that 

the l[~'s are not uniformly contained in X. Hence by Pieser's characterization 

[PS5] X has to be K-convex. Therefore in this case Theorem 1 holds without 

the assumption of K-convexity. 

(2) The equivalence (1) r (3) of Theorem I also holds in the case p = 2. Such 

a statement was proved by Pajor and Mascioni ([PAJ], [MA2]), provided that T 

is an identity operator on some Banach space. | 

Statement (2) of Theorem 1 characterizes operators of weak type p,p < 2. In 

the case p = 2 our techniques yield 

PROPOSITION 1.3: Let T E s be an operator of weak type 2. Then we 
have for ali k,n E N, 1 < k < n and S E s 

(2) ek(TS) <_ co wry(T)( 

k 
l+ ln (n/k) ) ) HSII" 

1 + l n  (nlk))l/2llSll /frank (TS) < k. 
k 

2. Volume and entropy estimates 

In this chapter we give a refinement of an inequality due to Carl and Hess [CAH], 

which compares the n-th entropy numbers with S-numbers. We start with the 

following Theorem which generalizes the mentioned result of Gordon, K/inig and 

Schiitt [GKS] for the n-th entropy number provided that we have operators with 

values in an n-dimensional space. 
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THEOREM 2.1: Let 0 < df < 1 and 0 < p < r I < oo. Then there  are  constants 

c(5) > 0 and c(t h p) > 0 such that for  MI T E f..(X, Y), n E N 

(i) 

(ii) 

( [ ~ ] t ~ ( T ) )  ' / [ r r ~ ]  
vrn(T) <_ c05 ) 

~k k=l 

1 
/s d i m Y  <_ n then c(--~,p) max{et'ml(T)' et'ml(T*)} * (ii) 

_< sup 2-~ <_ comin{e[,.](T),e[o.](T*)}. 
k=l,,..,n 

For the best constants we obtain 

Proof: For b o t h  assert ions we m a y  asume tha t  d im X = d im Y = n. T h e  P roo f  

uses Pisier 's  isomorphism [PSl], [PS3]: for all 1 < a < 1 there  are isomorphisms 

u E s X )  and  w e s Y)  such tha t  

(,) 
supkamax{ek(u),e~(u*),dk(u),e~(u-X)} <_ Ca n ~, 
kEN 
sup k a max{ek(w) ,  ck(w -1 ), ek(w -1 ), ek((w -1 )*)} _< ca n a,  
kEN 

where ca < c0(2o~ - 1) -1/2.  

(i) We deduce for m := [n/(1 + 6)] with (2) 

vrn(T) = Vrn(WW-lTuu -1) <_ vrn(w) vr , (w- 'Tu)  vrn(u-')  

< 16e,,(w) t } (w- 'Tu)  en(u-') 
k=l 

Hence the  mult ipl ic i ty  of  the  Tichomirov  numbers  and  (*) imply  

t[6k]q_k_ 1 (W -1 Tu) ~ tk(T)C[6k/2] (W -1)d[~k/2] (u) 

< tk(T)(4/6)2ac~(n/k)2a, 

and therefore  v r n ( T )  < 16 16 2 e 2 4 df-2atl-lm Ca ~Xlk=l tk(T)) 1/m" 
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F o r  $ _> l i e  z we o b t a i n  c(/~) < co. In  t h e  case  6 _< 1 / e  2 we choose a = 

1_ _ 1/1n/~ �9 (1/2,1] and get the desired inequality with the upper estimate for 2 
e(6). 

(ii) We set v := i t / -  p)/3 and a := p + v. Then the result of Gordon, K6nig 

and Schiitt yields 

et~.l(T) < et~.l(w) eI..l(w-~Tu) et~.l(U -~) 

<_ c~(21v) 2a 24 sup 2- ' "h 'kvrk(w- lTu) .  
k=l,...,n 

Hence the multiplicity of the volume ratio numbers and ( . )  imply 

2-an/t'~vrk(w-lTu) < 2-~'"h'kvrk(w-])vrk(T) vrk(u) 
16 (n/k) 2~ 2 -(`''-pn)/~'k sup 2 -pn/t'i vri(T) < ca 

i=l,. . . ,n 

" 2a . 2 a  2 16 #2a ( ~ - ~ _  p )  sup 2-pn/t~ivri(T). < c a 
i=l,.. . ,n 

and therefore e[~,,l(T ) < 384.122 62 4 (T/ p)-4r �9 .c~, - sups= 1 ..... ,2-~ 
For the estimate of e[,,q(T*) we proceed in a similar way. For T/- p >_ 1/e we 

obtain then c(T/, p) < co. In the case 7 / -  p < 1/e we choose 

a = ~ 1 l n ( ~ -  �9 (1/2, 11 

and get the desired estimate for c(T/, p). 

(3) For the lower estimate of c(~) we need an appropriate operator. Choose the 

�9 ~ / = k  2 = diagonal operator D := ~-,ieN 2-'ei | ei �9 s 1]). Since ak(D) = oo -i 
21-k (see [PI2]) for k �9 l~l we have 

i1/k ( ~Iai(D)=2"2-('+~)/2"i=~ 

For the inve3tigation of the volume ratio numbers of D let D k := ~_,ik=l 2-iei | 
el �9 s l~). Then a result of Schfitt [SCH] implies 

(vol(D~(B~))'~ 1/,, 
vrk(D) >_ vrk(D k) = \ ~ ] 
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 (nTi) Ili_.= lei.llo ~ 2e 
Choose 

>_ ( l / e )  k 2 -(k+1)/2. 

f2(i + 6) I 
n : =  t ~" ' - f f~n2 j 

then c(6) _> (1/3e a) (1/6). II 

Remark: In the case when Y = 1= and X is K-convex, the non-trivial estimate 

of Theorem 2.1(2) is closely related to the strong inequality in [PAT], corollary 

1.5. II 

Next we prove our refined version of the Carl-Hess inequality. 

TrlEOREM 2.2: Let 0 < p < 71 < oo. Then there is a constant b(rl, p) >_ 0 such 

that for all T E s  Y)  and n E N 

)" 
et~n](T) _< b(,7,p) sup 2 -'n/"k t~(T) 

k=l,. . . ,n 

For the best constant we obtain 

b(Tl, p) <_co 2 " + ( l + y l n r / )  1+-~- -~ :  

Moreover, we have 

In 4 6. 
1/(Co) (1/6) < b(1 + 6, 1) < c0(1 + - -~ - )  t'or a/1 0 < ~5 < 1. 

Proof: We set S = iTQ E s (Bx) ,  too(By.)). By the definition of Tichomirov 

numbers there is an operator R E s (Bx) ,  loo(Br. )) with rank(R) < n + 1 and 

/ k ~,/k 
I I R -  SI[ _< 2 a~+l(S)= 2 t ,+,(T) _< 2 2 p sup 2 -p'~/~'k { ] ' - [ t i (T) ]  . 

k=l, . . . ,n / 

On the other hand, for all 1 < i < n 

t~(R) < IIR - Sll + t~(S) < 3 ti(T). 
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Let F C loo(Br with dim F = n. Then there is an operator R E L(II(Bx),F) 
such that R = iFEI. We define 

v : = r l - p  v - - - ~ ,  a : = p + 2 v  and 6 : = ~ E ( 0 , 1 ) .  
p+v 

Since a < 77, Theorem 2.1 implies 

et,,.l(R) _< et,,.l(h ) _< ~(,, a) sup 2-a"/~kvr~(R). 
k----1,...,n 

Now let 1 < k < n. We investigate two cases. If k > a/v then with 

(1 +/~)(p + v) = a 

an[kl(1 + ~)] > an(kl(1 + i~) - 1) = pnk + (vk - a)n >_ pnk. 

Therefore Theorem 2.1 yields with j := [k/(1 + 6)] 

2-~"/"~,,rk(~) _ c(6)2-'"/"J t~(~) 

_< 3 c(6) sup 2 -o"/"m t~(T 

On the other hand if k < a/v, then recall that the Banaeh-Mazur distance of a 

k-dimensional subspace to l~ is less than k 112. Hence we obtain 

^ ~ Ilk 

< k 2- ." / .  

1/m 
_< 3 --  s u p  2 - ~  ti(T 

//  m - - 1 , . . . , n  

Taking all together we get 

e[~n](T) < 2 e[~,](S) < 2 (]IS - RII + e[~,](R)) 

< 2 (20 + c('7,a) maxl3c(e),3a/~}) sup 2-."/.m t,(T) 
m--~l ~...fl, l 

Inserting the constants from Theorem 2.1 proves the inequality with the upper 

estimate for b(tl, P). For the lower estimate of b(1 +~, 1) we take the same operator 

as in the Theorem before. Hence 

sup 2 - " / "k  ti(D) < v'~ 2 -(2"/")~/2. 
k=l,..,,n 
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For the investigation of the entropy numbers of D let m := [(1 + $)n]. Then we 

obtain for k := [(2miD) ]/2] q- 1 

1 2_.~/~kvr(D)> 1 2_(k+1)/2 e,,,(D) > ~ _ ~ 2 -' '/~'k ( l / e )  k 

> (1/4e)(2m/p)1/22-(2m/P) '/2. 

Taking n := [(1/~ln2) 2] yields the lower estimate for b(1 + ~f, 1). | 

The Proof of Theorem 2.2 also yields the following inequality which is of interest 

for the duality problem of entropy numbers. It generalizes a result of K6nig and 

Milman [KOM] (see also [PS3]). 

PROPOSITION 2.3: For all 0 < p < rl < oo there is a constant c(T h p) > 0 such 
that for all T E s  Y) and n E N 

Proof: 
hence codim G -< n. 

that R = iEVQa. 
numbers yield: 

ei, .](T) <_ e(r h p)(etp.](R* ) + t.+l(T)). 

For the best constant we obtain 

e(Thp,-<eo(a+(ln~-----p-P))z). 

We use the same notation as above. Moreover we set G := kern/~ and 

Then there is a unique operator V E s such 

Therefore Theorem 2.1 and the injeetivity of the entropy 

e[~,,](R) < c(rl, p) sup 2-P'/"kvrk(VQa) < eoc(rhp ) e[p.](R*) 
k=l,...,n 

_< e0 c(0,p)(llS - Rll + %.1(S*)) < co e(0,p)(2 t.+I(T) + %.](T*)) .  

Hence 

e[,.](T) < 2 e[, .](S) _< 2 ([IS - R[[ + e[~.](R)) 

< 2 (2 t .+l(T) + Co C(rhp)(2t.+l(T) + e[p.](T*))) 

< 4  ( l + c 0  c(~,p))(e[p.](T*) + t.+l(T)). I 
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3. Description of entropy numbers by s-numbers 

The Carl-Hess inequality of the previous chapter allows one to estimate entropy 

numbers by s-numbers. For a converse statement we need a relation between 

s-numbers and a geometric quantity of an operator. For example, such a relation 

is given by (1). We start with the notion of weak cotype spaces. 

A Banach space X is of weak cotype 9 if there is a constant c > 0 such that  

for all u E l(12,X) 
sup k'/2ak(Tu) < c l(u). 
kEN 

We denote ~c~(T) := inf c, where the infimum is taken over all c satisfying the 

above inequality. The following Bernstein-Jackson-type inequality is the key of 

Theorem 9.. in the case T = idx and p = 2 the statement was first proved by 

Mascioni [MA2]. We want to give a direct Proof, which yields optimal constants. 

PROPOSITION 3.1: Let 1 <_ p < 2, Z a Banach space of weak cotype 2, S E 

L(Y, Z), T E L ( X , Y )  of weak type p. Then we have for a/l n E N 

n ' /2 - ' /PF , (ST)  <_ co wc2(Z)(1 + lnwc2(Z))vr,(S*) wtp(T). 

Proof" First note that by Milman and Pisier IMP2] weak cotype 2 spaces have 

the following geometric characterization: For all n 6 N, subspaces E C Z with 

d i m E  = n and operators v 6 L(E,  l~) 

e.(v)  < c0  c2(z)(1 + n 

We may assume that d imX = n and that there are subspaces T ( X )  C F C Y ,  

S (F)  C G with d i m F  = d imG = n such that I ' , ( S T )  _< r.(SvGTxF), where 

TxF: X --* F, z ~-* Tx,  SFG: F - ,  G, y ~ Sy. Hence by a r e su l t  of John 

(see [PSI], [TOJ]) there is an isomorphism v E L(G,I~) with [Iv-' H _< 1 and 

lr2(v) < n 1/2. Moreover, by the definition of the Grothendieck numbers there is 

an operator u E L(l~, X )  with HuH < 1 such that 

r.(ST) _< 2 r . ( ,  SFGTxFui~,,) 

<_ 2 vrn(v*) vrn(SFG *) vrn((TxF.ui~,l)* ) 

5 8 C0 On(V) vrn(SFG *) en(TxFui~,I). 

The surjectivity of the volume ratio numbers yields vrn(SFG *) <_ Vrn(SFG *iG *) 
= vr,((SiF)*)  < vrn(S*). From the part (2) of the remark in section 1, or 

Proposition 1.3(2) and the injectivity of the entropy numbers we obtain 

e,,(TxFui~,,) <_ 2 n '/2 e.(Tu) <_ co n ' /p - ' /2  wrp(T). 
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Taking all together completes the Proof. l 

As a consequence we want now to prove Theorem 2. 

Proof of Theorem 2: For the second inequality we use (1) and Proposition 3.1. 

/ \ 1/k 
sup 2-n/~'k|]"[si(T)| _< sup 2-n/~'kFk(T) 

k= l ,...,n ~ 1 ]  k----1,...,n 

<_ Co wc2(Y)(1 + ln wc2(Y))wr2(~) sup 2 -n/j'k vrk(T*) 
~" k=l , . . . , n  

<_ c~o wc2(Y)(1 + In wc2(Y))wr2(idx) min{c,(T),  en(T*)}. 

The first inequality with the upper estimate for b($) follows from Theorem 2.2 

and with the complete symmetry of the Tichomirov numbers. 

Similarly as in Theorem 2.2 we take for the lower estimate the diagonal operator 

Dr 6 L(lq, ll), where 2 _< q < co with 1/r = 1 - 1/q and v := (2-i/r)ieN. For 

this operator we obtain b(~) > co ~-I/r .  For q ~ oo we get the desired estimate. 

I 

Remark: (1) If X is a Banach space of type 2 and Y a Banach space of cotype 

2 then we can replace in Theorem 2 the s-numbers s 6 (t, c, d} by the approxi- 

mation numbers s = a. Indeed, this follows from an easy lemma due to [GKS] 

(using Maurey's extension property): 

c ,(T) _< a,(T) < r2(ixd ) c2(~) c , (T)  

for all T 6 L(X, Y) and n 6 IW. 

(2) Theorem 2 implies the duality of entropy numbers of an operator T 6 

L(X, Y), if X* and Y are of weak cotype 2 and one of them is K-convex. 

e[(l+,),d(T) _< b(~) c(X, Y) en(T*). 

This is slightly more general (5 --} 0) than the case considered in the paper of 

Pajor and Tomczak-Jaegermann [PAT]. 

(3) In particular, we proved in Theorem 2 that 

1 
c(tf, X,y~ ~_ sup 2-n/Zkvrk(T*) <_ 2 en(T). 

k----1,...,n 

This also can be considered as a generalization of the result of [GKS]. Although 

the above inequality holds in n-dimensional spaces (Theorem 2.1) some additional 
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assumption is necessary in the general case. By a result of Meyer and Pajor [MEP] 

we have vrk(i;,q) < Co k 1/~-1/v for all 1 ___ p < q _< ~ and k E N which implies 

for all n E N 

sup 2-"/~'kvrk(i*p,q) < co nl/q-1/P 
k=l,...,n 

On the other hand il,oo is not compact: 1~co <_ cn(il,oo) _< cn(ip,q). 

References  

[CAR] 

[CAH] 

[CASl 

[GEI] 

[GKS] 

[HOF] 

[K()M] 

[MA1] 

[MA2] 

[MAP] 

[MEP] 

[MP1] 

[MP2] 

B. Carl, Inequalities of Bernstein-Jackson-type and the degree of compactness 

of operators in Banach spaces, Ann. Inst. Fourier (Grenoble) 35 (1985), 79-118. 

B. Carl and A. Hess, Estimates of covering numbers, J. Approx. Theory 65 

(1991), 121-139. 

B. Carl and I. Stephani, Entropy, Compactness and the Approximation of Op- 

erators, Cambridge University Press, 1990. 

St. Geiss, Grothendieck numbers of linear and continuous operators on Banach 
spaces, Math. Nachr. 148 (1990), 65-79. 

Y. Gordon, H. KSnig and C. Schfitt, Geometric and probabilistic estimates for 

entropy and approximation numbers, J. Approx. Theory 49 (1987), 219-239. 

J. Hoffmann-JCrgensen, Sums of independent Banach space valued random vari- 

ables, Studia Math. 52 (1974), 159-186. 

H. KSnig and V.D. Milman, On the covering numbers of convex bodies, Israel 

Funct. Analysis Seminar GAFA, Lecture Notes in Math. 1267, Springer-Verlag, 

Berlin 1987, pp. 82-95. 

V. Mascioni, Weak cotype and weak type in the local theory of Banach spaces, 
Dissertation, Zfirich, 1987. 

V. Mascioni, On generalized volume ratio numbers, Bull. Sci. Math., 2 e s6rie 

115 (1991), 453-510. 

B. Maurey and G. Pisier, Sdrles de variables aldatoires vectorielles inddpen- 

dantes et gdomdtrique des spaces de Banach, Studia Math. 58 (1976), 45-90. 

M. Meyer and A. Pajor, Volume des sections de la boule unitd de l~, J. Funct. 

Anal. S0 (1988), 109-123. 

V. D. Milman and G. Pisier, Banach spaces with a weak cotype 2 property, 

Israel J. Math. 54 (1986), 139-158. 

V. D. Milman and G. Pisier, Gauss/an processes and mixed volumes, Ann. 

Probab. 15 (1987), 292-304. 



Vol. 84, 1993 SOME ESTIMATES ON ENTROPY NUMBERS 433 

[PAJ] 

[PAT] 

[PIll 

[PI2] 

[PS1] 

[PS2] 
[PS3] 

[PS4] 

[PSS] 

[TO J] 

[SCH] 

A. Pajor, Quotient volumique et espaces de Banaeh de type 2 faible, Israel J. 

Math. 57 (1987), 101-106. 

A. Pajor and N. Tomczak-Jaegermann, Volume numbers and other s-numbers, 

J. Funct. Anal. 87 (1989), 273-293. 

A. Pietsch, Eigenvalues and s-Numbers, Geest & Portig, Leipzig and Cambridge 

University Press, 1987. 

A. Piestch, Operator Meals, Deutscher Verlag Wiss., Berlin 1978 and North- 

Holland, Amsterdam-New York-Oxford, 1980. 

G. Pisier, Volume of Convex Bodies and Geometry of Banach Spaces, Cam- 

bridge University Press, 1990. 

G. Pisier, Weak Hilbert spaces, Proc. London Math. Soc. 56 (1980), 547-579. 

G. Pisier, A new approach to several results of V. Milman, J. Reine Angew. 

Math. 393 (1989), 115-131. 

G. Pisier, Remarques sur un rdsultat non publid de B. Maurey, Sem. d' Analyse 

Fonctionelle 1980/81 Exp. V. 

G. Pisier, Holomorphic semi-groups and the geometry of Banach spaces, Ann. 

of Math. 115 (1982), 375-392. 

N. Tomczak-Jaegermann, Banach-Mazur Distances and Finite Dimensional Op- 

erator Ideals, Longman, Harlow and Wiley, New York, 1988. 

C. Schfitt, Entropy numbers of diagonal operators between symmetric Banach 

spaces, J. Approx. Theory 40 (1984), 121-128. 


