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ABSTRACT
First we show that the Carl-Maurey inequality for entropy numbers

1-1/p
ex(S) < ¢ (l—i—l"k(ﬂ) sl

Jjust characterizes weak type p spaces (S: I} — X,1<k<n,1<p<2).
Second we generalize a result of Gordon, Kénig and Schiitt for operators
T acting between weak type 2 spaces X and weak cotype 2 spaces Y

(1/e(E)ega4am(T) < | sup 2RI ci(T)MF < (X, Y )en(T)

=1,..,yn

(0 < 6 < 1). This estimate does not hold for § = 0.

Introduction
Using an idea of Maurey and Carl [CAR] proved the following entropy estimates
for operators S acting on If into a type p space X (1 <p <2)

n(n 1-1/p
ex(S) <, (L) sy

for all k = 1,...,n. On the other hand, in the proportional case Pajor [PAJ]
showed that X is of weak type 2 if and only if for all S: I} — X
en(S) < cn”V2| 8.

A similar result was derived by Mascioni [Ma2] for the entropy moduli and weak
type p,1 < p < 2. Surprisingly, we are able to show that for 1 < p < 2 the
proportional estimate implies the general Carl-Maurey inequality:
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THEOREM 1: Let 1 < p < 2,Y a K-convex Banach space and T € L(X,Y).
Then the following are equivalent:
(1) T is of weak type p.
(2) There is a constant ¢,(T) > 0 such that for all k,n € N, 1 < k < n and
S e L(t,X)

n(n -y
n(TS) < () (FEELE) T g

(3) There is a constant cz(T') > 0 such that for alln € N and S € L(I},X)
en(TS) < ea(T)n'/?71|IS).
For the best constants we obtain

c2(t) €a(T) < co7 wrp(T) and wrp(T) < coK(Y)eo(T).

1
/p—1/2

For the Proof we use the same probabilistic techniques as Carl and Maurey,
but observing that they are of local nature.

The second result is motivated by the result due to Gordon, Konig and Schiitt
[GKS] (Proposition 1.7) which provides an asymptotic formula for entropy num-
bers of a diagonal operator acting in a Banach space with an unconditional basis.
In particular, for an arbitary compact operator T acting between Hilbert spaces
one has

1

. 1/k
E en(T) < . sup g n/uk (H Ct(T)> < en(T)'

=1,...,n i=1
It is natural to ask for the corresponding relations in arbitrary Banach spaces.
In particular, Kénig and Milman conjectured that the above inequality holds for
operators T acting between a type 2 space and a cotype 2 space. The following

Theorem gives a complete answer to this problem.

THEOREM 2: Let 0 < 6§ < 1. Then there is a constant b(8) > 0 such that for all
Banach spaces X of weak type 2, Y of weak cotype 2, operators T € L{(X;Y),
s€{t,c,d} andneN

yese

. 1/k
1 " —n
5] max{e|(1+8)n)(T); e[146)n)(T*)} < (Sup am/kk (H si(T)>

i=1

< Cgu)Tz(i)((i)&)Cz(i‘(})(l +In wcz(ii(/i))min{en(T), en(T*)}.
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For the best constant we obtain

In*é
Sb(6)5c0(1+%3—).

| =

1
Co

In particular, Theorem 2 implies the duality of entropy numbers of an operator
from X to Y, if X* and Y are of weak cotype 2 and one of them K-convex, im-
proving the results by Gordon, Konig and Schiitt [GKS] and by Pajor, Tomczak-
Jaegermann [PAT]. We want to point out that the lower estimate of b(§) means

that ej(146)n)(T) cannot be replaced by en(T).

In section 2 we show that the first inequality of Theorem 2 holds in arbitrary
Banach spaces. We learrit the ideas of the presented Proof from Carl and we are
grateful to him for telling us about a rough version which he proved with Hess
[CAH]. We also thank H. Konig for the support during the preparation of this

paper.

Preliminaries

In what follows ¢g denotes always a universal constant. The parameter p is
defined to be 1 in the real case and 2 in the complex case. We use standard
Banach space notations. For all Banach spaces X and subspaces £ C X we
set Qp: X — X/E,z —» z+ E,ip: E = X,z — z. The classical spaces I},
lp, 0 < p < 00, n € N are defined in the usual way. Denote by iy : I} — 12,
ip,g: Ip = Iy (p < ¢) the formal identity map and by By the unit ball in I7.

Standard references on s-numbers and operator ideals are the monographs of
Pietsch [PI1] and [PI2]. The ideals of all linear bounded, finite rank operators
are denoted by £, F, respectively.

For a Banach ideal (A4,a) the component A*(X,Y) of the conjugate ideal
(A*,a*) is the class of all operators T € £(X,Y’) such that

a*(T) := sup{|trTS|| S € F(Y,X),a(S) <1} < o0.
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Next we recall the usual notion of some s-numbers of an operator T € L(X,Y)

an(T) :=inf{||T — S)|| S € L(X,Y), rank(S) < n}
the n-th approximation number,
cn(T) :=inf{||Tig||| E C X, codim E < n}
the n-th Gelfalnd number,
da(T) :=inf{||QFT}|| F CY, dim F < n}
the n-th Kolmogoroph number,
ta(T) :=an(:TQ)
the n-th Tichomirov number, where
Q: L(Bx) - X, i: Y — I(By.) denotes the canonical metric surjection,
injection, respectively. If X or Y are Hilbert spaces then a.(T) = an(T*).
Note if X and Y are Hilbert spaces then a,(T) = ca(T) = du(T) = tu(T)
(see {PI1], [CAS]). For the Tichmirov numbers we have tntmti—-2(RST) <

cn(R) tm(S) di(t) and to(T) = t,(T*) (complete symmetry, see [CAS]).
The n-th entropy number is defined by

ea(T) :=inf{e > 0| 3(yr)j=y C Y: T(Bx) C | J(vk +¢By)}
k=1

and the n-th dyadic entropy number by
en(T) := egn-1(T).
The s-numbers s € {a,c,d, e} are multiplicative, i.e.
Sntm1(ST) < 5u(S) sm(T).

Let det: K* — K be the unique determinant, then the n-th Grothendieck
number 1s defined by

Ta(T) = sup({| det({Ta:, ¥} (24)fas C Bx,(41)imn C By+}.

The Grothendieck numbers were mainly treated by [PS1], [PS2], [GEI]} and
[PAT]. We mention that

La(T) =Tn(T*) and Ta(T) =sup{Ta(Tig)| E C X,dim E = n}.
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The volume ratio numbers were introduced to the Banach space theory by Milman
and Pisier [MP2] and mascioni [MAZ2]; they were also studied in {PAT].

1/un
vra(T) := sup { (W) | FCY and codimF = n} ,

where vol denotes the usual Lebesgue measure on K". Recall that vr,(T) <
co2*/#" min{ex(T), ex(T*)} for all k € N. For H,K Hilbert spaces and T €
L(H, K) we have T'x(T) = vra(T) = ([T, ax(T))*/*. The multiplicativity of
s € {T,vr} is given by 3,(ST) < 34(S) 34(T). For operators T € L(X,Y)
between arbitrary Banach spaces, n € N and s € {¢t,¢,d} it is known by Carl
[CAR] that

n 1/n
M (1‘[ sk(T)) <TW(D).
k=1

Recall that s € {c,t} is injective, i.e. for each metric injection I € L(Y,Z) we
have 3,(IT) = 3,(T), whereas e is injective up to a factor 1, ie. len(T) <
en(IT) < en(T). on the other hand s € {d,t,e,vr} is surjective, i.e. for each
metric surjection Q € £(Z, X) we have s,(TQ) = sa(T).

An operator T € L(X,Y) is absolutely 2-summing (T € II;(X,Y)) if there is

a constant ¢ > 0 such that for all n € N, (zx)k=1 C X

1/2

n 1/2 n
(Z “T:z:k“2> <e sup (E I(tk,z*ﬂz)
k=1 z*€Bxe \k=1

We denote m3(T) := inf ¢, where the infimum is taken over all ¢ satisfying the
above inequality.

Let {9x)xen be a sequence of independent, standard gaussian random variables.
With this notion we define for any n € N and operator u € L(I}, X)

I(u) = ) gruler)llzo00)-
k=1
An operator T € £(X,Y) is v-summing (T € I(X,Y)) if there is a constant ¢ > 0

such that I(Tu) < c||u|| for all n € N and u € L(IF, X). We denote I(T) := infc,

where the infimum is taken over all ¢ > 0 satisfying the above inequality.
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As is well-known (see e.g. [PS1], [TOJ]), I*(v) < I(v*) for all v € L(X, ).
But in general the conserve inequality does not hold. Hence a Banach space
X is K-convex if there is a constant ¢ > 0 such that I(v*) < ¢ I*(v) for all
v € I*(X,l3). In this case we denote K(X) := inf ¢, where the infimum is taken
over all ¢ satisfying the above inequality.

At the end of the preliminaries we mention an inequality for products of a
non-increasing, positive sequence (sx)reN. For this we define [z] as the integer
partof zfor 1 <z < coandif 0 < z <1 weset [r] :=1. Thenfor0<§<1
andn €N

NS VRt Yl
(2) (H 3k) < ( II 3[6k]+k—1) :
k=1

k=1

1. The Carl-Maurey inequality

We start with the notion of weak type operators due to Pisier [PS1] (see also
[MA1]). An operator T € L£(X,Y) is of weak type p,1 <p <2 (T € wT(X,Y))
if there is a constant ¢ > 0 such that for all v € I*(Y,l3)

sup k' "Par(vT) < ¢ I*(v).
keN

We denote wy(T) = inf ¢, where the infimum is taken over all ¢ satisfying the
above inequality.

We also need the gaussian-type 2 norm for n vectors. For this let n € N and
T € L(X,Y). Then 7}}(T) := infc, where the infimum is taken over all ¢ > 0

satisfying for all (zx)F_, C X
n 1/2
Se (E IIIkllz) :
k=1

n
> Tz
=1

An operator T € L(X,Y) is of gaussian-type 2 (T € Tp(X,Y)) if

La(Y)

72(T) = sup 73 (T) < o0.
neN

The following first Lemma is classical (see [MAP], [HOJ]). However, since it is
the key of Theorem 1 we emphasize the local nature of this argument (73(T')).
E denotes the usual expectation. Consequently the second Lemma is a slight
improvement of a result of Carl [CAR], which goes back to Maurey (see [PS4]).
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LEMMA 1.1: Let T € L(X,Y) and n € N. Then we have for all independent
random variables (Xi)}-, C L2(X)

. 2\ 1/2 u
(E T (z Xi— Exk) ) < VErri(T) (Z E|IX4 u’)
k=1

k=1
LEMMA 1.2: Let T € L(X,Y) and k,n € N,1 < k < n. Then we have for all
S e L(t, X)

1/2

e(rmnpr-1)(TS) < VBrurk (k28|
Since Lemma 1.1 holds the Proof of Lemma 1.2 can be directly taken from

[CAR]. Let us point out that Lemma 1.2 is a local version of the original Lemma

of Carl-Maurey. Now we are in a position to prove Theorem 1.
Proof of Theorem 1: (1) = (2) Let us first assume that rank(T") < k. Then we
obtain for v € I*(Y,l2) (for the first inequality see [PI1])

k
m(er) <2 27

<2 Z j1/p= 3/zsupzl pg; i{(vT)
i=1

< 17
Hence the Tomczak-Jaegermann characterization of type operators ([TOJ]) yields
2
1/p-1/2
Therefore for arbitrary T € wT,(X, Y) we get

RMP 1 20r (T (v).

72(T) < kl/"_l/zwrp(T).

(@) < ot (D).

Applying Lemma 1.2 in the real case yields

28
/p—1/2

Now passing from k to Wﬁlﬁ_"/k—’ as in the Proof of [CAR], we obtain assertion

g(amie-1)(TS) < 7 —— T (T)EYP | S|I.

(2) for the dyadic entropy numbers. Similarly we prove the complex case.
The implications (2) = (3) is obvious.
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(3) = (1): Let v € I*(Y,l2). Then the definition of the Grothendieck numbers
yields that there is an operator S € L(I}, X) with ||S|| < 1 such that with (1)

an(vT) < T(vT) < 2T (vT'S) < 2T, (vTSi7,)-
By Sudakov's inequality (see [PS1]) we have e,(v) < con~1/2I(v*). Hence

an(vT) < 28/ e (vT'Si3 1) < 2°2en(v)ea(TS)|ig, |
< 252 cocq(T)i(v* /P!
< 2%2coc3(TVK(Y )P (v). 1

Remark: (1) In Theorem 1 the implications (1) = (2) = (3) hold without the
assumption of K-convexity. If X =Y and T = idx condition (3) implies that
the {}'’s are not uniformly contained in X. Hence by Pieser’s characterization
([PS5] X has to be K-convex. Therefore in this case Theorem 1 holds without
the assumption of K-convexity.

(2) The equivalence (1) ¢ (3) of Theorem 1 also holds in the case p = 2. Such
a statement was proved by Pajor and Mascioni ([PAJ], [MAZ2]), provided that T

is an identity operator on some Banach space. 1

Statement (2) of Theorem 1 characterizes operators of weak type p,p < 2. In
the case p = 2 our techniques yield

PROPOSITION 1.3: Let T € L(X,Y) be an operator of weak type 2. Then we
have for allk,n € N,1 <k <nand S € L(I},X)

(1) ex(TS) < co wra(T) (UM)W <1 +1In (1 + ka(_n/T))) S|l

(2) ex(TS) < co wrz(T)(l—Ji‘k(—"@yﬂusn if rank (TS) < k.

2. Volume and entropy estimates

In this chapter we give a refinement of an inequality due to Carl and Hess [CAH],
which compares the n-th entropy numbers with S-numbers. We start with the
following Theorem which generalizes the mentioned result of Gordon, Kénig and
Schiitt [GKS] for the n-th entropy number provided that we have operators with

values in an n-dimensional space.
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THEOREM 2.1: Let 0 < § £ 1 and 0 < p < n < 0o. Then there are constants
¢(8) 2 0 and c(n, p) > 0 such that for all T € L(X,Y), n € N

) vra(T) sc(é)( I @

k=1
(i1) If dimY < n then %}—pj max{epyn)(T), enn) (T*)} * (43)
< sup 27PEEyr(T) < ¢ min{efpn)(T), e(on)(T*)}
k=1,...,n

For the best constants we obtain
Iné In(y - p)\?
1/(eo) (1/8) < f8) < oo (1452t < (1 + (Ra=) ) -
Proof: For both assertions we may asume that dim X = dimY = n. The Proof

uses Pisier’s isomorphism [PS1], [PS3]: for all 1 < o < 1 there are isomorphisms
u € L(I3,X) and w € L(I3,Y) such that

sup k* max{ex(u), ex(u*), dr(u), ex(uv™1)} < ¢q n%,
k€EN '

(*)

sup k* max{ex(w), ck(w™), ex(w™), ex((w™1)*)} < cq 1%,
keN
where ¢4 < ¢g(20 —1)71/2,

(i) We deduce for m := [n/(1 + §)] with (2)

vra(T) = vrp(ww ™ Tuu™) < vrp(w) vra (w1 Tu) vra(u™?)

n 1/n
< 16e,(w) (H tk(w—lTu)> en(u—l)

k=1

m 1/m
S 16C(2, <H t[&k].*.k_l(w‘lTu)) .

k=1

Hence the multiplicity of the Tichomirov numbers and ()} imply

tok+k—1(w ™ Tu) < te(T)egse oy (w ™" )dsk 2y (u)
< t(T)(4/6)* 5 (n/ k)%,

and therefore vr,(T) < 16 162 €? ¢ §72%([]1-, t«(T))Y/™.
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For 6 > 1/e? we obtain ¢(§) < co. In the case § < 1/e? we choose a =
3 —1/Iné € (1/2,1] and get the desired inequality with the upper estimate for

¢(8).
(i1) We set v := (n — p)/3 and o := p + v. Then the result of Gordon, Konig
and Schiitt yields

e[nn](T) < e[un](w) e[¢m](w_lf1.‘“) e[un](“_l)
<c2(2/v)** 24 sup 277" HRyri(wTlTu).

=1,...,n
Hence the multiplicity of the volume ratio numbers and (*) imply

2"’"/“"vrk(w_lTu) < 2"’"/“"vrk(w_l)vrk(T) vri(u)

< c"; 16 (n/k)2°’ o~ (an—pn)/uk sup o—en/ui vri(T)

i=1,..,n

2% 2a )
<t 16 e sup 2P/ Biyr(T).
og—p i=1,..,n
and therefore e[,n)(T) < 38412267 - ch (7 — p)™** suppy,. , 27"/ **uri(T).
For the estimate of e[,n(T™*) we proceed in a similar way. Forn—p > 1/e we
obtain then ¢(n, p) < ¢o. In the case n — p < 1/e we choose

a=%(1-m—l_—m) € (1/2,1]

and get the desired estimate for c(n, p).

(3) For the lower estimate of ¢(§) we need an appropriate operator. Choose the
diagonal operator D := Y, .y27"ei ® €; € L(loo, 11). Since ax(D) = T2, 27" =
2!k (see [PI2]) for k € N we have

x 1/k
(H a.-(D)) =2.2-(k¥1)/2,
=1

k

For the investigation of the volume ratio numbers of D let D¥ .= 2,-:1 27, ®

e; € L(1*,1%). Then a result of Schiitt [SCH] implies

vol(Df(B:o)))"“"
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k

1/k e
> fp 2 § 1> (1/e) k 27 (++1)/2
=\11" k 2e = ’

i=1 Z e"
i=1 o
Choose
[2(1+6)]
62

then ¢(8) > (1/3¢%) (1/6). &

Remark: In the case when Y = l; and X is K-convex, the non-trivial estimate
of Theorem 2.1(2) is closely related to the strong inequality in [PAT), corollary
1.5. 1

Next we prove our refined version of the Carl-Hess inequality.

THEOREM 2.2: Let 0 < p < 7 < . Then there is a constant b(n, p) > 0 such
that for all T € L(X,Y) andn € N

1/k
A1(T) < b(n, 2-en/ek [ TT 4T .
etan)(T) < b(n, p) o (.1_-[1 il ))

For the best constant we obtain
2 In*(n — p)
b(n,p) < co (2” + (1 +nlnn) (1 + W)) .

Moreover, we have

1/(co) (1/6)<b(1+¢51)<co(1+1 o' 8 ) forall0< 6§ <1

Proof: We set S =iTQ € L(I1(Bx),loo(By+)). By the definition of Tichomirov
numbers there is an operator R € £(l1(Bx), loo(By+)) with rank(R) < n+1 and

1/k
IR= S|l €2 ans1(S) =2 ta1(T) < 22° sup 27P"/4F (Ht(T)) .

k=1,...,n =1
On the other hand, for all 1 <: < n

ti(R) < [|R - S| +t:(S) <3 (7).
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Let F C l(By+) with dim F = n. Then there is an operator Re L(h(Bx),F)
such that R =1 FR. We define
V= 2__;_/)’ o:=p+2v and 6:= ;—:—V € (0,1).

Since o < 7, Theorem 2.1 implies

elam)(R) < epgn)(B) < c(n, o)  Sup 277"/ Bkyr(R).

Now let 1 € k < n. We investigate two cases. If k > o/v then with
1+8)(p+v) =0
onlk/(1+68)] 2 on(k/(1+8) —1) = pnk + (vk — o)n > pnk.

Therefore Theorem 2.1 yields with j = [k/(1 + §))

j 1/5
277" Bk yr i (R) < c(8)27P/H (H t.(R))

i=1

m 1/m
<3¢(8) sup 2en/mm (H t;(T)) .

m=1,...,n i=1

On the other hand if k¥ < o/v, then recall that the Banach-Mazur distance of a

k-dimensional subspace to If is less than k'/2. Hence we obtain

x 1/k
27" mkyry(R) < k 27en/nk (H t.-(ﬁ))

i=1

m 1/m
<3 % sup 27°n/em (Ht,-(T)) .

m=1,...,n =1
Taking all together we get
efnn](T) < 2 efgn)(5) < 2 (IS — Bl + ejqn) (R))

m 1/m
< 2 (2% + c(n,0) max{3c(6),30/v}) _sup n2—”"/‘"" (H ti(T))

=1
Inserting the constants from Theorem 2.1 proves the inequality with the upper
estimate for b(n, p). For the lower estimate of 5(1+6, 1) we take the same operator

as in the Theorem before. Hence

k 1/k
sup 27"/kk (Hti(D)) < V3 2 n/m?

k=1,...,n i1



Vol. 84, 1993 SOME ESTIMATES ON ENTROPY NUMBERS 429

For the investigation of the entropy numbers of D let m := [(1 4+ §)n]. Then we
obtain for k := [(2m/p)}/?] +1
em(D) 2 % 2-™/tkyr(D) > % 2-m/Ek (1/¢) k 27 (K+1)/2

> (1/4e)(2m/p) /22 @m/W',

Taking n := [(1/6§1n2)?] yields the lower estimate for b(1 +6,1). B

The Proof of Theorem 2.2 also yields the following inequality which is of interest
for the duality problem of entropy numbers. It generalizes a result of Konig and
Milman [KOM] (see also [PS3]).

PROPOSITION 2.3: For all 0 < p < 1 < oo there is a constant c(n, p) > 0 such

that for all T € £L(X,Y) andn € N

en}(T) < c(n, p)(efpn}(R") + tn41(T)).

For the best constant we obtain

<(m,p) < co (1 * (ln_f?—__:))z) .

Proof: We use the same notation as above. Moreover we set G := kern R and
hence codim G < n. Then there is a unique operator V € £(1;(Bx)/G, E) such
that R = igVQg. Therefore Theorem 2.1 and the injectivity of the entropy

numbers yield:

ceey

< o e(m, p)(IIS — Rl + efon) (™)) < co €, p)(2 ta41(T) + efpm) (T*)).

Hence

elan](T) < 2 e[n)(5) < 2 (IS - BRIl + efqm)(R))
<2 (2 tn11(T) + co e(n, p)(2tn41(T) + e(on)(T7)))
<4 (1+co c(n, p))efpn)(T*) + tnta(T)). W



430 M. JUNGE AND M. DEFANT Isr. J. Math.
3. Description of entropy numbers by s-numbers

The Carl-Hess inequality of the previous chapter allows one to estimate entropy
numbers by s-numbers. For a converse statement we need a relation between
s-numbers and a geometric quantity of an operator. For example, such a relation
is given by (1). We start with the notion of weak cotype spaces.
A Banach space X is of weak cotype 2 if there is a constant ¢ > 0 such that

for all u € I({3, X)

sup k/2a;(Tu) < ¢ l(u).

keN

We denote wcy(T') := inf ¢, where the infimum is taken over all ¢ satisfying the
above inequality. The following Bernstein—Jackson—type inequality is the key of
Theorem 2. In the case T = idx and p = 2 the statement was first proved by
Mascioni [MA2]. We want to give a direct Proof, which yields optimal constants.

PROPOSITION 3.1: Let 1 < p < 2, Z a Banach space of weak cotype 2, § €
L(Y,Z), T € L(X,Y) of weak type p. Then we have for alln € N

n'/27HPL L (ST) < eo wea(Z)(1 + Inwes(2))ora(S*) witp(T).

Proof: First note that by Milman and Pisier [MP2] weak cotype 2 spaces have
the following geometric characterization: For all n € N, subspaces E C Z with
dim E = n and operators v € L(E,I})

en(v) < co wea(Z)(1 + lnweg(Z))me(v) n1/2,

We may assume that dim X = n and that there are subspaces T(X) C F C Y,
S(F) C G with dimF = dim G = n such that I'y,(ST) < I',(SreTxF), where
Txrp: X - F, 2 Tz, Spg: F — G, y — Sy. Hence by a result of John
(see [PS1], [TOJ]) there is an isomorphism v € L(G,I3) with ||[v™!|| < 1 and
m2(v) < n'/2. Moreover, by the definition of the Grothendieck numbers there is
an operator u € L(I}, X) with ||u|| €1 such that

T(ST)<2T,(v SFGTXFUi;,l)

<2 vrp(v*) vrp(Sre ™) vrn((Txp,ui';,l)')

< 8 ¢y en(v) vra(Srg ™) en(Txpui;"l).
The surjectivity of the volume ratio numbers yields vrp(Srg *) < vra(Sre *ic *)
= vra((Sip)*) < vrp(S*). From the part (2) of the remark in section 1, or

Proposition 1.3(2) and the injectivity of the entropy numbers we obtain

en(TxFuil,) < 2 0% eq(Tu) < o n'/?7/% wry(T).
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Taking all together completes the Proof. |

As a consequence we want now to prove Theorem 2.
Proof of Theorem 2: For the second inequality we use (1) and Proposition 3.1.

1/k
sup on/uk (Hs;(T)) < sup 2""/”kl"k(T)

k=1,....n =1,..,n

<ewer(Y)(1+1n wcz(Y))wrg(i;(i) sup 27™Hk yr(T*)
k

=1,..,n

i=1

<c we(Y)(1+1n wcz(Y))wrg(i)((i) min{e,(T),e.(T*)}.

The first inequality with the upper estimate for b(§) follows from Theorem 2.2
and with the complete symmetry of the Tichomirov numbers.

Similarly as in Theorem 2.2 we take for the lower estimate the diagonal operator
D, € L(lg,l), where 2 < ¢ < oo with 1/r =1—1/g and 7 := (27"/");en. For
this operator we obtain 5(§) > co §~1/". For ¢ — 0o we get the desired estimate.

|
Remark: (1) If X is a Banach space of type 2 and Y a Banach space of cotype

2 then we can replace in Theorem 2 the s-numbers s € {t,c,d} by the approxi-
mation numbers s = a. Indeed, this follows from an easy lemma due to [GKS]

(using Maurey’s extension property):
en(T) < an(T) < 7a(id) e2(id) ealT)

forall T € L(X,Y) and n € N.
(2) Theorem 2 implies the duality of entropy numbers of an operator T €
L(X,Y), if X* and Y are of weak cotype 2 and one of them is K-convex.

e(146)m(T) < b(6) (X, Y) ea(T").

This is slightly more general (§ — 0) than the case considered in the paper of
Pajor and Tomczak-Jaegermann [PAT).
(3) In particular, we proved in Theorem 2 that

1 —n/pk *
me[(l+5)n](T) S . sup 2 /u 'UTk(T ) S 2 e,,(T).

=1,...,n

This also can be considered as a generalization of the result of [GKS]. Although
the above inequality holds in n-dimensional spaces (Theorem 2.1) some additional
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assumption is necessary in the general case. By a result of Meyer and Pajor [MEP)
we have vrk(i;,q) <o kM9 YP for all 1 < p < ¢ < 00 and k € N which implies
forallneN

sup 2'"/“"vrk(i; ) Sco nl/e-1/p,
k=1,...,n ’

On the other hand i,  is not compact: 1/¢o < en(?1,00) < €n(ip,q)-
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